Let M be a von Neumann algebra, 9 be a faithful, normal semifinite weight on M and M 9 its centralizer. We characterize the conditional expectations E 9 X M 3 M 9 of finite index for a faithful normal strictly semifinite weight 9 on a semifinite von Neumann algebra M with finite dimensional center. This result is used to characterize weights 9 such that the orbit U 9 f9 Adu X u unitary in Mg can be represented as a submanifold of M 1 (=basic extension of E 9 X M 3 M 9 ).
and normal state is never a topological submanifold of lH Ã . Moreover, in the case of infinite weights, the orbit can not even be regarded as functionals on a suitable Banach space. ª On the other hand, using the appropriate quotient topology, this sets can be regarded as homogeneous spaces (i.e. quotients of Banach^Lie groups with a differentiable structure). Namely, u 9 9 uMauM 9 . A reductive structure for a homogeneous space GaK is an invariant supplement for the Lie^Banach algebra k of K in the Lie^Banach algebra g of G, where invariant means invariant under the natural action of K in g.
In our case, such a supplement is given by KerE 9 . Moreover, by means of the expectation E 9 one may obtain a representation of u 9 as a space of projections in a von Neumann superalgebra M 1 of M. Recall the basic construction associated to a (9 invariant) conditional expectation. This yields a projection e 9 (denoted the Jones projection of E 9 ) acting on the Hilbert space H 9 of the GNS triple of 9. As is usual notation , M 1 is the von Neumann algebra generated by e 9 and M. Then e 9 satisfies i) e 9 me 9 E 9 me 9 , m P M ii) fe 9 g H M M 9
iii) e 9 M 1 e 9 is isomorphic to M 9 via the *-isomorphism x U 3 xe 9 e 9 xe 9 . Then, as in [AS2] , one has the (one to one) representation u 9 D3 fprojections of M 1 g 9 Adu U 3 u Ã e 9 u which is continuous if u 9 is considered with the quotient topology uMauM 9 and the set of projections with the norm topology of M 1 . If the index of E 9 is finite, then this map is a topological imbedding (i.e. a homeomorphism between u 9 and u M e 9 fu Ã e 9 u X u P uMg). Moreover, in [AS] it was shown that u M e 9 is a C I submanifold of M 1 if and only if the index of E 9 is finite. Therefore, the finite index condition allows one to regard u 9 as a C I submanifold of the space of projections of M 1 (which is a space with rich geometric structure [CPR] and itself a submanifold of M 1 ). If the index is infinite, one still has the continuous representation (called basic representation) u 9 D3 fprojections of M 1 g.
If the index of E 9 is infinite, the above representation is a homeomorphism if one changes the usual norm of M by the M 9 -Hilbert module norm induced by E 9 . The price payed is that M is not complete with this new norm (completeness being equivalent to the finite index condition). Section 5 is devoted to the description of this application.
1.2 Preliminary and notations. Throughout this paper 9 will denote a faithful normal semifinite weight and ' M 9 fx P M X ' 9 t x xY Vt P Rg. A strictly semifinite weight is a semifinite weight of M such that 9j M 9 is also semifinite on M 9 . As it is standard notation, n 9 fx P M X 9x Ã x`Ig and H 9 Y % 9 Y 9 denotes the GNS triple for 9 , i.e. H 9 is the completion of n 9 to a Hilbert space, % 9 X MÀ3lH 9 is the usual Ã-isomorphism, 9 X n 9 À3H 9 is the canonical imbedding, with h 9 yY 9 zi 9z Ã y and % 9 z 9 y 9 zy for yY z P n 9 Y z P M If G is a locally compact group, an invariant mean m on G is a state of L I G such that m is invariant under the action of G, i.e. mf t 0 X mf X for all t 0 P G and f P L I G (see [Pa] ). Let m be an invariant mean in R, and X R À3 AutM (t t ,) a weakly continuous homomorphism of R on the automorphism group of a von Neumann algebra M represented on lH. For x P M denote by R t xdmt the element of M given by
This integral does not depend on the Hilbert space H. Let E X M 3 N be a normal conditional expectation and let 2 be a normal state of N. Denote also by 2 the extension of this state to M given by 2 E. Let e be the Jones projection of E (and 2), i.e. the orthogonal projection obtained as the closure of E as an operator on L 2 MY 2 (with range L 2 NY 2). As it is also standard, denote by M 1 the algebra generated by M and e in lL 2 MY 2. After the introduction of Jones paper [Jo] several notions of index for a conditional expectation between von Neumann algebras appeared ( [PP] , [K] , [W] ). We will follow the terminology of the paper by Baillet, Denizeau and Havet [BDH] , where three notions of index are considered. Let N & M be a von Neumann subalgebra and E X M 3 N a conditional expectation.
E is said to be of weak finite index if there exists a positive real number ! such that E À !Id is a positive map. In that case put Ind w E X ! À1 0 where ! 0 is the supremum of all such !'s (the index is said to be I if no such ! exists).
In such case ([Po] , [BDH] , [FK] ), there exists another positive constant such that E À Id is completely positive, and there is a family
, (e the Jones projection associated to E) ii) Em
In [BDH] it is shown that the limit of the latter sum belongs to the center of M, and is called the index of E, and will be denoted by Ind (E) .
It is said that E has strongly finite index if the family fm i g iPI is finite. There are conditional expectations that are of finite index and not of strongly finite index [J] , [FK] . Nevertheless these two notions of finite index conincide in many cases, for instance if N is a subfactor [BDH] .
Á
i 2 i x 9x, which completes the proof.
In other words, if 9 is a faithful normal strictly semifinite weight then E m 9 does not depend on the choice of m.
This positive forms are called Bohr means. Eberlein ([E] Th. 5.2) showed that if x is almost periodic then the net fÉ J xg J&R converges to a unique limit. Using this result, applied to xt h' 9 t x$Y i, it can be proven directly for almost periodic weights (i.e. weights 9 such that the modular operator Á 9 is diagonalizable) that hE É J x$Y i converges to a unique limit, namely E 9 x. Note that almost periodic weights are strictly semifinite.
Example 2.3. If the weight 9 of 2.1 fails to be strictly semifinite, the expectation E m 9 may be neither normal nor faithful, and depends on the choice of m. Let m be a mean for R obtained as in 2.2. Let M lL 2 0Y 1, h " x the operator``multiplication by x'' and 9x Trhx where Tr is the trace of M. It is straightforward to verify that
We will show that these expectations coincide with limit points of the so called von Neumann's operation [U] , i.e. expectations obtained as cluster points of the net of expectations
where 1 Á is the characteristic function of Á P Å, the partitions are directed by inclusion and the topology is that of weak operator convergence at every a P M. In [Su] it was shown that there exists an uncountable set of limit points for this net. Moreover, this limit points are conditional expectations which have the compact operators in their kernels, and therefore can not be normal nor faithful. Let i i 1 J i be a step function close to the identity function t in the norm topology of L I 0Y 1. Then for every a P lL 2 0Y 1 we have that E a can be approximated (in the weak operator topology) by the sums
Suarez showed in [Su] that the expectations obtained as limits of the E Å when restricted to the operators which are diagonal in the Fourier basis take scalar values. Denote by fe n g nPZ the Fourier basis of L 2 0Y 1. Then for each invariant mean m of R the linear functional
is an invariant mean for Z. Moreover, any mean in Z may be obtained in this fashion [Su] .
Conditional expectations with finite index
Kosaki proved (see [W] , Prop. 2.5.2) that if M ' N are factors and E X M À3 N is a faithful and normal conditional expectation of finite index, then M is finite iff N is finite. Jolissaint [J] generalized this result for non factors (with the finite index condition). Let us state this result.
Proposition 3.1. Let M be a von Neumann algebra and E X M À3 N a faithful and normal conditional expectation.
a) If N is finite and E is of strongly finite index then M 1 and M are finite. b) If N is semifinite and E is of finite index then M 1 and M are semifinite.
Proof. a): Let 9 be a faithful normal state on N, then 9 E is a faithful normal state on M. Let us also denote by 9 this extension. Let H 9 Y % 9 Y $ 9 be the GNS triple for 9 and M and J 9 J. Since N is finite, N H is semifinite.
Therefore N$ 9 NX1 e P N H is finite, and then JeJ e is a finite projection in M 1 . Then there exists a semifinite faithful tracial weight ( on ceM 1 M 1 such that (e`I ( [P] , 5.4.6).
Since E X M À3 M 9 is of strongly finite index, 1 k i1 m i em
This shows that (1`I, and therefore ( is a finite trace and M 1 and M are finite. b): As in the previous point, M 1 is semifinite. Since the index of E is finite, by [BDH] 3.10 there exists a faithful and normal conditional expectation E 1 X M 1 3 M. Then it follows that M is semifinite.
Corollary 3.2. Let 9 be a faithful normal strictly semifinite weight in M. a) If 9 is finite and E 9 X M À3 M 9 has strongly finite index then M is finite.
b) If E 9 X M À3 M 9 has finite index then M is semifinite.
Characterization of E 9 with finite index
In view of 3.2, if one will look for E 9 with finite index one has to consider semifinite algebras. Suppose now that 'h fr i X i P Ng, then h i r i p i . Put Ex i p i xp i . E is a faithful and normal conditional expectation onto
Note that it is also 9 invariant:
Therefore E E 9 .
Theorem 4.2. Let M be a finite von Neumann algebra with finite dimensional center, 9 a faithful normal strictly semifinite weight on M and E 9 X M À3 M 9 the unique normal and faithful conditional expectation that leaves 9 invariant. Let ( be a faithful and normal trace in M and h affiliated to ZM 9 such that 9 (hX. The following statements are equivalent: (i) E 9 has strongly finite index.
(ii) E 9 has weakly finite index. (iii) 'h is finite. And in particular, 9 is finite.
, and E 9 has strongly finite index iff each E 9 M i does. Moreover, if h is affiliated to ZM 9 , then h n i1 h i with h i affiliated to ZM 9 i , and the spectrum of h is finite iff the spectrum of each h i is finite. Therefore, we can suppose that M is a finite factor.
(i) A (ii) is trivial.
(iii) A (i): If 'h fr 1 g, then h r 1 1. In this case 9 r 1 (, and therefore E 9 Id which has strongly finite index.
Reasoning by induction, we are going to asume that the proposition is valid for 'h fr i X 1 i ng and prove it for the case n 1. Then, if fp i g 1 i n are the orthogonal spectral projections of h corresponding to fr i g with 1 i n, there can be found finite E 9 -orthonormal m k P M, 1 k z, such that for all x P M, x z k1 m k E 9 m Ã k x. The existence of such family is equivalent to the strongly finite index condition of E 9 (see [BDH] ).
Suppose that 'h fr i X 1 i n 1g, and fp i g 1 i n1 are the orthogonal spectral projections of h corresponding to fr i g 1 i n1 & 'h. As M is a factor, we can suppose p i " p i1 for 1 i n.
We can assume the theorem is valid for the factor 1 À p n1 M1 À p n1 , the expectation E 9 j 1Àp n1 M1Àp n1 and the operator h n n i1 r i p i . Since h is affiliated to ZM 9 , then p i P ZM 9 , for 1 i n 1, and then
for all x P M. Now as p 1 " p 2 " XXX " p n " p n1 , for 1 j n 1 we can write 
r t xp n1 X And for 1 t n, Then, using (1), (2), (3), (4) and (5) we obtain
It is straightfoward to verify that the union of the sets fm i g 1 i zÀ1 ,
, fu n1Y1 t Ã g 2 t n and fu
forms an orthonormal family. Therefore E 9 has strongly finite index.
(ii) A (iii): If 'h is infinite, for every n P N there exist n orthogonal spectral projections fp i g 1 i n of h with 1 i n p i 1. Since h is affiliated to ZM 9 , then p i P ZM 9 . As M is a factor, we can suppose p 1 " XXX " p n . Therefore, there exist subprojections q i P M, q i p i , 1 i n such that q i $ q 1 p 1 , and n 2 partial isometries v ij P M that verify: weight centralizer expectations with finite indexUsing lemma 4.1, E 9 v E 9 iPI p i vp i , and then
But p i E 9 q k p i E 9 p i q k p i ik E 9 q k , and then E 9 q k P p k Mp k . Therefore jjE 9 vjj k E 9 q k ! jjE 9 q 1 jj jjE 9 p 1 jj kp 1 k 1 because q 1 p 1 P M 9 . In other words, for every n P N there exists a positive element v P M such that jjE 9 vjj ! 1 n jjvjj. This proves that E 9 has infinite weak index.
Remark 4.3. With the same hypothesis of 4.2, but for M a factor, it is straightforward to verify that if 'h consists of n points, then
If M has finite dimensional center there exists fq i g 1 i w & ZM such that E 9 w i1 E 9
Mq i
, where Mq i is a finite factor. In that case, Ind (E 9 Mq i n i , where n i is the number of points of 'h i (h i h The analogous result for the semifinite case also holds.
Theorem 4.4. Let M be a semifinite von Neumann algebra with finite dimensional center, 9 a faithful normal strictly semifinite weight and E 9 X M À3 M 9 the unique normal and faithful conditional expectation that leaves 9 invariant. Let ( be a tracial weight in M and h affiliated to ZM 9 such that 9 (hX. The following statements are equivalent:
(i) E 9 has weakly finite index.
(ii) 'h is finite.
Proof. (ii) A (i):
If 'h is finite, denote by p i the spectral projections of h. It is a standard fact that the expectation E 9 x n i1 p i xp i has weakly finite index.
(i) A (ii) follows exactly as in the previous theorem.
Remark 4.5. If dim À ZM Á is not finite, the preceeding results are not true. Take for example the finite von Neumann algebra M È nPN M 2 C argument analogous (but much simpler) to that of ii) A i) in 4.2, shows that F has strongly finite index. Therefore E 9 has strongly finite index, which leads to a contradiction.
5. The geometry of the orbit of a faithful, normal, strictly semifinite weight Let us introduce a case where the unitary orbits of faithful and normal states are not (topological) submanifolds of the predual (and neither the dual) space of the algebra. In the case of orbits of weights, no natural ambient space is given in order to model the manifold structure of the orbit. This facts justify the use of other topologies other than the usual norm topology.
Proposition 5.1. Let 9 be a faithful, normal state of lH with H infinite dimensional. Then the unitary orbit u 9 f9 Adu X u P ulHg is not a topological submanifold of lH Ã (and neither of lH Ã ).
Proof. There exists a P lH with Tra 1 (Tr the usual trace), such that 9x Trax for all x P lH. The element a is of the form a I i1 ! i p i with dimRp i m i`I , and therefore I i1 ! i m i 1. Moreover, the unitary orbit u 9 & lH Ã with the norm topology identifies with u a fu Ã au X u P ulHg & tH with the trace norm k k 1 , where tH denotes the trace class of lH.
Let u n be unitaries in lH such that u Ã n au n converge to b in the usual norm of lH.
Then it can be proved that i) b is compact and positive, ii) 'b f! i X i P Ng 'a, b I i1 ! i q i with dim Rq i m i , and Trb 1, iii) u Ã n au n 3 b in k k 1 . If u a fu Ã au X u P ulHg is a submanifold of tHY k k 1 lH Ã then u a is locally closed in tH. That is, each point c P u a has a neighbourhood of the form fd P u a X kc À dk 1 4g which is closed in tH. But since the action of the unitaries of lH is isometric on tH, the number 4 can be chosen the same for all c in u a . This clearly implies that the orbit u a is closed in tH. Therefore, by the remarks above, u a is closed in the usual norm of lH. In his remarkable paper [V] , Voiculescu proved, as a byproduct of his non-commutative Weyl-von Neumann theorem, that this condition -closedness in norm of the unitary orbit of an operator in lHimplies that the operator generates a finite dimensional C Ã -algebra. In our case, since a is positive, this implies that the spectrum of a is finite. This leads to a contradiction, since a is also compact and has zero kernel.
Let 9 be a faithful, normal, strictly semifinite weight on a von Neumann Å e 9 su Ã e 9 u u Ã e 9 u and se 9 1X
Note that if ku Ã e 9 u À e 9 k`1 then also ke 9 u Ã e 9 ue 9 À e 9 k and ke 9 À e 9 ue 9 u Ã e 9 k are strictly less than 1, which implies (using the properties of the basic extension) that kE 9 u Ã E 9 u À 1k`1 and k1 À E 9 uE 9 u Ã k`1, and therefore s is well defined. b) If M is endowed with the left M 9 -Hilbert module norm induced by E 9 , i.e. kxk E 9 kE 9 x Ã xk 1a2 , then s is continuous. This is a straightforward verification, using the fact noted in a), that if u Ã e 9 u is close to e 9 then E 9 u Ã E 9 u and E 9 uE 9 u Ã are close to 1. Now, if Å e 9 has continuous local cross section, by means of the diagram above it is easy to see that the basic representation is a homeomorphism. Therefore u 9 with the quotient topology uMY k k E 9 auM 9 can be regarded as a manifold of projections of M 1 .
c) It is known that the equivalence in M of the usual norm with the Hilbert module norm is equivalent to the finite index condition. Therefore if the index of E 9 is finite, then u 9 is homeomorphic to u M e 9 , with the usual norms.
We do not know if is (norm) continuous in general. In other words, if the Hilbert module norm and the usual norm of M can induce the same quotient topology in uMauM 9 in cases other than the finite index situation.
If IndE 9 `I one can do more. Let us recall the following result from [AS2] . Theorem 5.3. Let N & M be a von Neumann algebra, E X M 3 N a normal and faithful conditional expectation and e and M 1 as before. Then, the following statements are equivalent 1) The weak index of E is finite.
2) s M e fgeg À1 X g invertible in Mg is an analytic homogeneous Banach space under the action of the invertible elements of M and an analytic submanifold of M 1 .
3) u M e fueu Ã X u P uMg is a C I homogeneous Banach space under the action of the unitary elements of M and a C I submanifold of M 1 .
Corollary 5.4. Let M be a von Neumann algebra with finite dimensional center and 9 a faithful, normal and strictly semifinite weight. The following statements are equivalent:
1) E 9 has weakly finite index.
2) M is semifinite and 'h is finite, if h is the Radon^Nikodym derivative of the weight 9 with respect to a faithful, normal and semifinite trace on M.
